On Hyers–Ulam–Rassias Stability of the Pexider Equation  by Jun, Kil-Woung et al.
Journal of Mathematical Analysis and Applications 239, 20-29 (1999) 
Article ID jrnaa. 1999.652 1, available online at  http://www.idealibrary.corn or1 I DE kL3 
On Hyers-Ulam-Rassias Stability 
of the Pexider Equation 
Kil-Woung Jun 
Department of Mathematics, Chungnam National Unirersity, Taejon, 305-764, 
Republic of Korea 
E-mail: kwjurieriiath.chungriam.ac.kr 
Dong-Soo Shin 
Department of Mathematics Education, Mokwon Unii>ersitj, Taejon, 301-729, 
Republic of Korea 
and 
Byung-Do Kim 
Department of Mathematics, Kangnung National Unirwsity, Kangnung, 21 0- 702, 
Republic of Korea 
E-mail: bdkime knusun.kangnung.ac.kr 
Submitted by Themistocles M. Rassias 
Received September 17, 1998 
In this paper, using the idea of P. GBvruta (1994, J .  Math. Anal. Appl. 184, 
431-436), we prove a generalization of the stability of approximately additive 
mappings in the spirits of Hyers, Ulam, arid Rassias. o 1999 Academic Press 
Key Words: functional equation: Pexider equation: stability. 
1. INTRODUCTION 
It is well known that the stability of functional equations was first 
studied by Ulam [8]. In 1941 Hyers [3] showed that if 6 > 0 and f :  
El + E, is a mapping with E l ,  E ,  Banach spaces, such that 
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then there exists a unique additive mapping T :  El + E, and 
Ilf(x) - T(x)ll 5 6 ,  
for all x, y E E l ,  and if f ( t x )  is continuous in t for each x, then T is a 
linear mapping. 
In 1978 a generalized solution to the Ulam problem for approximately 
additive mappings was given by Rassias [7] .  
In 1994, Givruta [ 2 ]  verified the following theorem: Let G be an abelian 
group and X a Banach space. Denote by 4:  G X G + [O,..) a mapping 
such that 
for all x, y E G. If f :  G + X is a mapping satisfying 
for all x, y E G, then there exists a unique mapping T :  G + X such that 
T(x + y )  = T(x) + T ( y ) ,  forall x , y  E G ,  
and 
In this paper, using an idea of Givruta we prove a generalization of the 
stability of approximately additive mappings in the spirit of Hyers, Ulam, 
and Rassias. 
Let ( X ,  +) , (Y,  +) be abelian groups and f ,  g, h: X + Y be mappings. 
If f ,  g, and h satisfy the functional equation 
f ( x  + Y >  - d x )  - h ( Y )  = 0 
for all x, y E X ,  we call it a Pexider equation 111. 
The main purpose of this paper is to investigate the stability of the 
generalized functional equation of Pexider type. 
Throughout this paper, we denote by (G, +) an abelian group, by 
( X ,  I I  * 11)  a Banach space, and by +: G X G + [0, m) a mapping such that 
co 4 ( 2 ' - ' x , O )  + 4 ( 0 , 2  '-1.) + 4 ( 2 / - 1 x , 2  '-1.) 
< m ,  ( 1 )  
2' 
€(X) := c 
j =  1 
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and 
for all x, y E G. 
2. STABILITY 
The following theorem is a generalization of the result of Ggvruta [ 2 ] .  
THEOREM 2.1. Let f ,  g, h: G + X be mappings satisfying the inequality 
I l f (x + Y )  -g(x) - h(y) l l4  +(.,Y>, ( 2 )  
for all x, y E G. Then there exists a unique additiue mapping T :  G + X such 
that 
Ilf(x) - T(x)ll 5 IIg(0)II + Ilh(0)ll + .(x), (3)  
Ilg(x) - T(x)II  4 IIg(0)II + 2IIh(O)II + + ( x , O )  + .(x), 
l l h (x )  - T(x)II  4 2IIg(O)II + Ilh(0)II + + ( O , X )  + .(x) 
(4) 
(5) 
for all x, y E G. 
Pro08 For x = y inequality (2) implies 
for all x E G. 
Let y = 0 in (2). Then we have 
Ilf(x) - g(x) - h(0)ll 5 +(x ,O)  
for all x E G. From (71, 
for all x E G. For x = 0 inequality (2) implies 
Ilf(y) - g(0) - h(y)ll 5 + ( O , Y )  
for all y E G. Thus. 
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for all x E G. Let 
Using the inequalities (6), (81, and (lo), we have 
for all x E G. Replacing x by 2x in (111, 
for all x E G. Then it is clear that 
llf(22x) - 22f(x)ll I l l f (25)  - Zf(2x)ll + Zllf(2x) - 2f(x)ll 
I u ( 2 x )  + 2u(x)  (13) 
for all x E G. 
Applying an induction argument to n we have 
n 
Ilf(2”x) - Z”f(X)Il I c 2j-’u(2”-jx) (14) 
j =  1 
for all x E G. We claim that (14) holds for n + 1. Indeed, substituting 2x 
for x in (14) we obtain 
for all x E G. Hence 
llf(2”+1X) - Z””f(x)ll I llf(2”+1x) - 2 3 2 x ) I l  + 2nllf(2x) - Zf(X)ll 
n 
- < c 2J-’u(Z”+’-Jx) + Z’lu(x) 
I-1 
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for all x E G. Then we get from (14) 
for all n E G. We claim that {2-"f(Z"x)} is a Cauchy sequence in X .  For 
rn < n ,  
for all x E G. Taking the limit as m + a, we get 
for all x E G. Since X is a Banach space it follows that the sequence 
{2-"f(Z"x)) converges. We define T :  G + X by 
T(x) = lim Z-"f(2"x). 
n+a  
We claim that T satisfies (3). From (21, we have 
for all n, y E G. From (81, we get 
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for all x E G. Since 
as II + a, we obtain from (20) 
for all x E G. Also, from (lo), 
for all n E G. From (221, it follows that 
h(2"x) f (2"x 
lim ~ - lim ~ 
n - z  2" n - z  2" 
for all x E G. Thus, from (21), (23), and the commutativity of G, we arrive 
at 
0=11!!2( 2" 2" h(2"y)   i I1 f (2"x  + 2"y) g (  2"x) 
lim = T ( x + y )  - lim 7- f ( 2 " x )  
n - m  2 n - m  2 I1 
= l lqn + y )  - T(x) - T(y)ll (24)  
for all n , y  E G. To prove (3), taking the limit in (17) as II - a, we have 
I I T ( ~ )  -f(x)Il I lim C ~ J ~ ' ~ " u ( z " ~ J ~ )  
n 
] = 1  n+= 
')( 2" Ilg(0)ll + Ilh(0)II) 
1 ?I 4(2 ' - 'x ,O) + 4 ( 0 , 2  '-1.) + 4 ( 2 J - b , 2 ' - 1 x )  2 '  + c  j =  1 
= Ilg(0)ll + Ilh(0)ll + .() (25) 
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for all x E G. It remains to show that T is unique. Suppose now that U: 
G + X is another such mapping with 
U(x + Y >  = U ( x >  + U ( Y >  
and (3) is satisfied. Then 
co + ( 2 J - l x ,  0) + + ( O ,  2 J - 9  + +(21-1x, 2 1 - 1 4  
+ 2  c 2 ’  (26)  
I=n+ l  
for all x E G. Taking the limit in (26) as n + a, we have 
T (  x) = U( x), for all x E G. Q.E.D. 
COROLLARY 2.2. Let f ,  g, h: G + X be such that 
g(0) = 0 ,  h(0)  = 0, Ilf(x + Y )  - g(x) - h(Y) l l4  +(.,Y) 
for all x, y E G. Then there exists a unique mapping T :  G + X such that 
T ( x  + y )  = T ( x )  + T ( y ) ,  
Ilf(x) - T(x)ll 4 “ ( X ) ,  
Ilg(x) - T(x)ll 4 +(x ,O)  + “(.)> 
and 
for all x, y E G. 
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COROLLARY 2.3. Let 6 > 0,  and let f ,  g ,  h:  G + X be such that 
h ( 0 )  = 0 ,  g ( 0 )  = 0 ,  Ilf(x + y )  - g ( x )  - h(y)ll I 6 
for all x, y E G. Then there exists a unique mapping T :  G + X such that 
T ( x  + y )  = T ( x )  + T ( y ) ,  
IIf(x) - T(x)II  36,  
IIg(x) - T(x)II  I 46, 
and 
llh(x) - T(x)II  4 46 
for all x, y E G. 
space. And  let F ,  G,  H: V + X be mappings satisfying the inequality 
COROLLARY 2.4. Let V be a real or complex vector space and X a Banach 
for all x, y E V. Then there exists a unique additiue mapping T :  G + X s u c h  
that 
112F(;) - T ( x ) l I  I IlG(0)ll + IIH(0)ll + ~ ( x ) ,  (28) 
IIG(x) - T(x)II 5 IIG(0)II + zIIH(0)II + $ ( x , O )  + ~ ( x ) ,  
IIH(x) - T(x)II  I ZIIG(0)II + IIH(0)II + $(O,x )  + ~ ( x )  
(29) 
(30) 
for all x, y E V. 
Let V b e  a real or complex vector space a n d X a  Banach 
space. Let a # 0 ,  b # 0 be two real or complex numbers. A n d  let F , G ,  H: 
V + X be mappings satis-ing the inequality 
COROLLARY 2.5. 
IIF( ax + by)  - aF( x) - bF( y)ll I $( x, y ) ,  (31) 
for all x, y E V. Then there exists a unique additice mapping T :  G + X such 
that 
IIF(x) - T(x)II  I (1.1 + IbI)IIF(O)II + ~ ( x ) ,  (32) 
5 (1.1 + Zlbl)llF(O)ll + $(x ,O)  + ~ ( x ) ,  (33) 
for all x, y E V. 
28 JUN, SHIN, AND KIM 
COROLLARY 2.6. Consider E,,  E,  to be two Banach spaces, and let 
f ,  g, h: E ,  + E, be mappings. Assume that there exists 8 2 0 andp E [0 ,  1) 
such that 
Ilf(x + y )  -g(x) - h(y)ll 4 8(11x11p + Ilyll”) (35) 
for all x, y E E,. Then there exists a unique linear mapping T :  E ,  + E,  such 
that 
for all x E El .  
COROLLARY 2.7. Let f ,  g, h: G + X be such that 
for all x, y E G. Then there exists a unique mapping T :  G + X such that 
T ( x  + y )  = T ( x )  + T ( Y ) ,  
and 
and 
Ilh(x) - T(x)ll 5 $(O,x )  + .(x) 
for all x, y E G. 
real numbers, and let f ,  g ,  h: G + X be such that 
COROLLARY 2.8. Let 0 I p + q < 1, where p and q are the nonnegatice 
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for all x ,  y E G. Then there exists a unique mapping T :  G + X such that 
T ( x  + y )  = T(x) + T ( y ) ,  
and 
Ilh(x) - 
for all x, y E G. 
ACKNOWLEDGMENTS 
We thank Professor Th. M. Rassias and the referees for their valuable comments and help. 
REFERENCES 
1. J. Chmieliriski and J. Tabor, On approximate solutions of the Pexider equation, Aequa- 
2. P. G2vruta. A generalization of the Hyers-Ulam-Rassias stability of approximately 
3. D. H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. 
4. D. H. Hyers and Th. M. Rassias, Approximate homomorphisms, Aequationes Math. 44 
5. G. Isac and Th. M. Rassias, On the Hyers-Ulam stability of $-additive mappings, .I. 
6. G. Isac and Th. M. Rassias, Stability of $-additive mappings: Applications to nonlinear 
7. Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. 
8. S. M. Ulam, in “Problems in Mathematics,” Chap. IV, Wiley, New York, 1964. 
tiones Math. 46 (1993), 143-163. 
additive mappings, J .  Math. Anal. Appl. 184 (19941, 431-436. 
U.S.A. 27 (1941), 222-224. 
(1 9921, 125- 153. 
Approx. Theory 72 (19931, 131-137. 
analysis, Internat. J .  Math. Math. Sci. 19 (19961, 219-2223, 
Math. SOC. 72 (197231, 297-300. 
